Abstract. We study emerging notions of quantum correlations in compound systems. Based on different definitions of quantumness in individual subsystems, we investigate how they extend to the joint description of a composite system. Especially, we study the bipartite case and the connection of two typically applied and distinctively different concepts of nonclassicality in quantum optics and quantum information. Our investigation includes the representation of correlated states in terms of quasiprobability matrices, a comparative study of joint and conditional quantum correlations, and an entanglement characterization. It is, for example, shown that our composition approach always includes entanglement as one form of quantum correlations. Yet, other forms of quantum correlations can also occur without entanglement. Finally, we give an outlook towards multimode systems and temporal correlations.
Introduction
The study of correlations in interacting physical systems is a vital field of research. Especially, upcoming quantum technologies urge a redefinition of the notion of correlations to discern classical phenomena from quantum effects. This becomes particularly important when quantum systems are joined to form a composite system [1] . For instance, the concept of quantum entanglement, which was described in the seminal work by Einstein, Podolski, and Rosen [2] , emerges from the compound and nonlocal description of at least two quantum particles [3] . Starting from the prominent paradox of Schrödinger's cat [4] , quantum superpositions-in combination with quantum measurements-have been established to be the origin of general quantum correlations which have no counterpart in classical physics. Superimposed quantum states explain why quantum systems have the potential to exhibit nonclassical features which cannot be described through classical statistical correlations. Consequently, quantum correlations can be applied to implement quantum communication and information protocols [5] .
In order to study nonclassical correlations, a proper concept of a classical state of a quantum system needs to be defined. Given the richness of possible physical systems, it is no surprise that various notions of classicality have been established, each of which has a classical analogue in the scenario under study, see, e.g., [6] . For example, coherent states of a quantized radiation field represent the best approximation to a classical electromagnetic wave [7] . Therefore, the Glauber-Sudarshan representation of quantum states of light in terms of such coherent states is the fundamental benchmark to probe nonclassical properties in optical systems [8, 9, 10, 11] . With respect to this notion, the photon-the quantum particle of an electromagnetic wave [12] -is clearly a nonclassical state of a light field which can be described as a superposition of coherent states.
Another example of a nonclassical state stems from the field of quantum information. The qubit (quantum bit) introduces the concept of a quantum superposition of classical truth values "true" and "false" [13] . These superpositions have been shown to lead to a vast number of quantum computation and communication protocols which cannot be implemented using classical information theory [5] . Examples are quantum key distribution [14] or dense coding [15] , but also no-go theorems, such as the no-cloning theorem [16] .
In particular, quantum communication per se requires an interplay of at least two subsystems. Hence, the concept of nonclassicality has to be generalized to be applicable to compound physical systems. The phenomenon of quantum entanglement is one universally accepted type of a nonclassical correlation between multiple degrees of freedom [17] . Especially in highly multipartite systems, the entanglement between individual or ensembles of particles can become rather complex [18, 19, 20, 21, 22, 23] as the relations between the different constituents can exhibit different levels of correlations ranging from uncorrelated over classically correlated to quantum correlated, i.e. entangled in the present case. The most prominent example for nonequivalent classes of multipartite entanglement is certainly the difference of three qubits in the GHZ or W configuration [24, 25] , see also [26] for a generalization. However, the detection of entanglement is already challenging when restricting to a bipartite scenario and, consequently, a number of different entanglement tests have been proposed and implemented to uncover such nonclassical correlations, see [3, 27] for overviews.
Another application of quantum correlations is the remote state preparation which is connected to the phenomena of quantum steering [28, 29] and often used when producing (nonclassical) single photons from photon-pair sources via heralding [30, 31] . The underlying conditional realization of quantum states can be a result of entanglement, but it can be also achieved with other nonclassical correlations [32, 33, 34] . Therefore, various other concepts of quantum correlations have been exploited [35] . For example, the resources needed for the generation of single photons can be completely classified and implemented in terms of nonclassical photon-photon correlations between two separable (i.e. disentangled) radiation fields using the Glauber-Sudarshan representation for harmonic oscillators [36, 37, 38] .
Despite all those advances in the field of quantum correlations, the urgent question how to treat quantum correlations that arise from distinct notions of nonclassicality of specific physical subsystemsadhered to different concepts of nonclassicality-has not been frequently addressed in the existing literature.
In this work, we study quantum correlations that emerge in composite quantum systems consisting of parts with diverse notions of nonclassicality. In particular, we consider a composed system that consists of a harmonic oscillator and a qubit. The notion of nonclassical correlation in the resulting bipartite scenario is defined on the basis of the quantumness of the individual parts. Examples of resulting hybrid states highlight the impact of local and global quantum superpositions on the nonclassicality in the bipartite system. The implications of joint and conditional quantum correlations are compared. Finally, the entanglement of the system under study is discussed and the generalization to multimode systems and to capture temporal correlations is outlined.
The paper is organized as follows. The studied concept of quantum correlations is defined in section 2. Different forms of quantum statistical correlations are considered and compared in section 3. In section 4, we specifically investigate entanglement and we comment on possible extensions of our approach. We summarize and conclude in section 5.
Nonclassicality in composed systems
Suppose we have two Hilbert spaces H (1) and H (2) which describe the two physical subsystems of the compound space H (1,2) = H (1) ⊗ H (2) . Further on, we have two subsets, C (j) ⊂ H (j) for j = 1, 2, that consist of pure states which are considered to have classical properties. The particular definition of a classical state |a (j) ∈ C (j) has to be specified and some distinct examples will be given later on. A classical pure state in the composite system H (1, 2) is an uncorrelated state as superpositions would lead to nonclassical/quantum interferences. Thus,
} defines the set of classical bipartite states. Note that we always assume that states are properly normalized. In addition, we indicate the relation to the first and second subsystem as well as the composite system with the superscripts (1), (2) , and (1, 2), respectively, throughout this work.
A quantum system that is subjected to an interaction with an environment, or when it is exposed to other imperfections, is not in a pure state. Rather, it is a statistical mixture of states. Hence, the notion of classical states can be extended to mixed ones. That is, any classical mixing of classical pure states yields a (mixed) classical state,
where P cl. is an arbitrary classical probability distribution over the set C (1, 2) . Whenever the quantum state of a bipartite system cannot be written in this form, we speak about nonclassical (or quantum) correlations-in contrast to the nonclassicality of the individual subsystems.
Typically (but not necessarily), nonclassical correlations are related to entanglement. Any pure entangled state, decomposed as r ψ r |x
with linearly independent |x (j) r ∈ H (j) , is obviously not a product state. Therefore, it is not in the set of pure classical states C (1, 2) . This holds analogously for mixed entangled states. However, we will also discuss nonclassical correlations between the subsystems that are independent of entanglement.
In the following, we perform a detailed study of the introduced concept for some examples. We demonstrate that the quantum superposition principle is the source for nonclassicality within and between the subsystems. It is also shown that one can have compound nonclassical states which, however, are classical in their subsystems.
A single harmonic oscillator
The fundamental notion of nonclassicality in a system of a harmonic oscillator (representing, for example, one optical mode) is given in terms of the GlauberSudarshan P representation of a state [8, 9] ,
In fact, this decomposition is possible for any state via a quasiprobability density P (α). The stateρ (1) is classical if and only if P (α) can be interpreted in terms of classical probability theory [10, 11] , P (α) ≥ 0. If this is not possible, the state refers to as a nonclassical one. This means that P (α) is not positive semi-definite in the sense of distributions. In general, nonorthogonal coherent states are the classical and pure states in this system [39] , C
(1) = {|α : α ∈ C}. For example, the pure coherent states |±α are classical, whereas the superposition N (|+α + |−α ) (N is the normalization constant) is a nonclassical superposition state.
Independent of the specific quantum characteristics of the stateρ (1) , the P function is a real-valued (P (α) = P (α) * ) and normalized ( d 2 α P (α) = 1) distribution. However, the P function is highly singular for many quantum states, such as Fock states and squeezed states [40, 41] . Consequently, a regularization procedure-known as filtering-has been introduced to verify the nonclassicality via a regular quasiprobability P Ω [42] , which is given by the convolution
The specific requirements onΩ-more precisely on its Fourier transform Ω-have been elaborated in [42] to guarantee an unambiguous verification of any type of nonclassicality in systems of harmonic oscillators. One example of a properly defined filter is the functioñ
which includes the width parameter 0 < w ≤ ∞. More general classes of filters can be additionally found in [43] . This regularization approach has been used, for example, to experimentally uncover the negative quasiprobability of a squeezed state [44, 45, 46] , which would be impossible with the frequently applied Wigner function. Even an experimental quantumprocess characterization has been performed based on this filtering technique [47] .
A single qubit
In contrast to the harmonic oscillator, the classical states of a qubit system are defined through the ability to decompose the quantum state in the diagonal form
where a fixed, orthonormal basis {|0 , |1 } is usedeigenvectors of the Pauli matrixσ z . This means, the state is in a classical statistical mixture of the classical truth values 0 ("false") and 1 ("true"), which are realized with the probabilities P 0,0 and P 1,1 , respectively. This also implies that C (2) = {|0 , |1 }. The stateρ (2) is nonclassical if the decomposition (5) is impossible, i.e. off-diagonal contributions P 0,1 |0 1| + P * 0,1 |1 0| are required to describe the qubit under study. For example, the state (|0 + |1 )/ √ 2 is nonclassical as it superimposes the classical states for "true" and "false", which exceeds the limitations of a classical and probabilistic Boolean logic system.
The quantification of the quantumness in a multiqubit system has been done in [48] as a special example for a general quantification approach using quantum superpositions. Moreover, this concept of nonclassicality is typically discussed in the context of quantum coherence for a more general d-level system (qudit) [49, 50] . More recently, a quantitative relation between the amount of quantum coherence and entanglement has been found [51] .
The composite hybrid system
In our scenario, the composition C (1,2) = {|α ⊗ |n : α ∈ C ∧ n = 0, 1} defines the set of classical states of the compound bipartite system. Since the first system is described in terms of continuous variables and the second one in terms of a discrete variable, such a joint system is called a hybrid system. The combined notion of nonclassical correlations allows us to study the origins of different forms of quantum properties.
Using the previously studied expansions, any hybrid quantum state can be decomposed as [52] 
where P n,n (α) = P n ,n (α) * . Therefore, the combined notion of a mixed classical state implies that P 0,1 (α) = 0, P 0,0 (α) ≥ 0, and P 1,1 (α) ≥ 0 has to hold for any classical hybrid state. For convenience, we can define a P matrix, P (α) = (P n,n (α)) n,n =0,1 , to describe the compound system and for generalizing the GlauberSudarshan P distribution. This P matrix can be filtered as shown for the single-mode case in equation (3) . This concept was introduced in [52] .
Before exploiting this joint description in more detail, it is important to stress a major difference in the notion of classical qubits (5) and the case of the Glauber-Sudarshan representation (2). Because of P 0,1 = 0 for nonclassical qubit states, the decomposition (5) is not possible for them even if one would allow for negative or complex quasiprobabilities P n,n (n = 0, 1). In contrast the expansion in (2) applies to all quantum states of an harmonic oscillator. In general, any system with pure, classical reference states could include the following types of nonclassical states: 
for α = 0. The state |φ is solely nonclassical with respect to the first subsystem and it corresponds to the case of nonclassicality (i). That is, its density operator |φ φ| is described with a P matrix whose elements are P 1,0 (α) = 0 and P 0,0 (α) 0 (as well as P 1,1 (α) = 0). Hence, |φ has no classical harmonic oscillator analogue. An example for the type of nonclassicality of the case (ii) is the state |ψ . It only shows nonclassicality in the second, qubit subsystem and has a non-vanishing off-diagonal contribution in the P matrix, P 0,1 (α) = δ(α)/2 = 0 (note, P 0,0 (α) = P 1,1 (α) = P 0,1 (α) ≥ 0). So far, we solely considered the local superposition states.
Finally, the state |χ in equation (7c) is entangled and, therefore, shows nonclassical correlations between the two components of the hybrid system. This is of some importance, because its single-mode reduced states are classical mixtures of pure classical states in their respective subsystems. That is, we have for the second subsystem tr 1 |χ χ| = (|0 0| + |1 1|)/2, in the limit α|−α = e −2|α| 2 ≈ 0 for |α| 1, and tr 2 |χ χ| = (|α α| + |−α −α|)/2 for the first subsystem. The entanglement of |χ -being the present form of nonclassical correlations-is a result of the global superposition of the two classical hybrid states |α ⊗|0 and |−α ⊗ |1 . The role of the superpositions for entanglement has been also experimentally determined in [53] . Let us also mention that combinations of the quantum superposition principle on the local and global level can be also used to get intermediate levels of nonclassicality. Those combine nonclassicality in the individual subsystems and nonclassical correlations, for example,
Example: Mixed cat states
As a generalization of a previous example, we study a family Schrödinger cat states [4] ,
which is particularly parametrized through the phase 0 ≤ ϕ < 2π between the classical terms. Here, we restrict ourselves to real-valued and non-negative coherent amplitudes, α 0 = α * 0 ≥ 0. It is also worth mentioning that relations between phase-dependent properties and entanglement of similar states have been studied in the presence of imperfections, such as fluctuating losses, in [54] .
Let us assume that the phase can be subjected to a randomization according to a 2π-periodic Gaussian distribution with a variance σ 2 . This results in the mixed statê
with the real-valued and non-negative parameter
Note that non-Gaussian phase randomizations could be considered in a similar manner. As we will show in this work, the quantum properties of this state are determined through the parameter τ σ . Especially from the bounds τ 0 = 1 and τ ∞ = 0, we can already observe that the former yields the pure superposition state (8), for ϕ = 0, and the latter results in the classical mixturê
Let us give the P matrix representation for the state (9) . For this reason, we recall that a coherent state can be written in the form |α = exp(−|α| 2 /2 + αâ † )|0 [40] , whereâ † is the bosonic creation operator. Using additionally α = x + iy, we can write
, with the off-diagonal element
Finally, the convolution with the filter (4) yields the regularized matrix elements
where we used x = Re(α) and y = Im(α). Let us emphasize that the off-diagonal component P Ω;0,1 (α) is a complex-valued function. The elements of the filtered P matrix for the stateˆ σ are shown in Fig. 1 for x = 0. We clearly see that the off-diagonal elements are not zero and the diagonal ones are non-negative.
Joint and conditional quantum correlations
In order to access the nonclassicality of the subsystems or the nonclassical correlations between them, measurements have to be performed. Let us explore the measurement of the momentumŷ = (â −â † )/i in the first mode and the measurement of the Pauli matrix σ x = |0 1| + |1 0| in the second degree of freedom. The detection process can be characterized through its eigenvectors,ŷ|y = y|y (eigenvalue y ∈ R) and σ x |± = ±|± . We have the following projections: 
and [40]
For instance for pure classical states |α ⊗ |n ∈ C (1, 2) (with α ∈ C and n = 0, 1), we expect a product probability distribution of the form
for the possible measurement outcomes. Mixed classical states will result in the corresponding mixtures of the statistics for pure, classical states. For our hybrid state (9), the joint probability distribution reads
This distribution is depicted in Fig. 2 for different outcomes of the Pauli matrix measurements and the momentum measurement. The considered measurements consists of only two local observablesŷ ⊗1 and1 ⊗σ x . Therefore, no entanglement can be detected with these measurements alone because Schwarz' theorem applies, i.e.
[ŷ ⊗1,1 ⊗σ x ] = 0. Thus, any form of quantumness that will be identified in this section is not a result of entanglement but presents other kinds of nonclassical correlation.
From the jointly measured statistics p(y, ±) of an arbitrary state, one can compute the marginal probabilities, p(y) = p(y, +) + p(y, −) and p(±) = dy p(y, ±), as well as the conditional probabilities,
As the joint probability distribution is well-known and frequently studied, let us make some some remarks on the conditional distributions. The conditional statistics can be associated with conditional states, which are in our casê
= |0 0| + |1 1| + τ σ e 2iα0y |1 0| + τ σ e −2iα0y |0 1| 2 ,
. These conditional states give the conditional probabilities p σ (±|y) and p σ (y|±) when measuringσ x and y, respectively. It is also worth mentioning that pure classical states are product states, i.e. p(y, ±) = p(y)p(±). Thus, their conditional statistics takes the forms p(y|±) = p(y) and p(±|y) = p(±). In the remainder of this section, we study nonclassical correlations based on different probability distributions, i.e. joint and conditional statistics.
Cross-correlations
For studying joint correlations, let us consider the following matrix of second-order moments:
Note that 1 ⊗1 = 1 andσ 2 x =1. From this matrix, we can determine the following nontrivial principal minors:
The 2 × 2 sub-determinants µ (j) (j = 1, 2) are the variances for the individual subsystems and µ (1,2) = det(M ) is the cross-correlation of the joint statistics.
Determinants satisfy the mixing property det[qA+ (1 − q)B] ≥ min{det(A), det(B)} for all 0 ≤ q ≤ 1 and positive semidefinite matrices A and B. Further on, the matrix (21) is positive semidefinite as it can be written as M = vv † , wherev = (1 ⊗1,ŷ ⊗1,1 ⊗σ x ) T . Therefore, it is sufficient to analyze the bounds of the above minors for pure classical states. If those bounds are violated, we have certified nonclassicality. For the state |α ⊗ |n ∈ C (1,2) , we directly compute
This means, for arbitrary classical states holds µ (1) ≥ 1 and a violation µ (1) < 1 refers to as squeezing. Also, the classical states implies µ (2) ≥ 1; note that the maximal variance ofσ x is one and µ (2) ≥ 1 can be relaxed to µ (2) = 1 for classical states. Finally, µ (1,2) ≥ 1 is the bound for classical cross-correlations.
We find for our hybrid stateˆ σ in equation (9) the following principal minors:
Hence, we cannot observe squeezing µ
(1) σ ≥ 1, but we have a nonclassical qubit subsystem µ (2) σ < 1 (for τ 2 σ = 0). We also have nonclassical crosscorrelations from the joint statistics, µ (1,2) σ < 1. However, this correlation is fully determined through the nonclassicality of the qubit since µ
σ for the observables under study.
Conditional variances
After considering the joint statistics, let us focus on the conditional statistics. As mentioned earlier, conditional quantum correlations-despite their importance-are typically not explicitly studied. Conditional states and statistics are considered to generate single-mode nonclassical states from bipartite quantum correlated states [31] . Such a method can be used to generate squeezed states [55, 56] . The recent experimental application [52] even directly relates to the quantum correlated state (7c). Other applications of conditional correlations are connected to the mutual information [57] , conditional uncertainties [58] , and quantum randomness [59] . We also compared the quantum correlations and directly verified the either joint or conditional nonclassicality for different experimentally realized states [60] .
As done before, we can find the following bounds for classical states: For the variance ofŷ conditioned to ± for theσ x measurement holds µ (1) | ± ≥ 1 and analogously holds µ (2) | y = 1. For our conditioned hybrid state in equations (20a) and (20b), we get the following conditional variances:
Those conditional moments are depicted in Fig. 3 . Conditioned to the measurement outcome +, we find that we can observe squeezing as µ
Let us emphasize that this squeezing was not detected with the joint statistics in the previous subsection. Another difference to the joint variances is that we cannot detect the qubit nonclassicality for certain conditionings of the momentum measurement, µ Conditional moments for the hybrid stateˆ σ for α 0 = 1 are plotted. In the top panel (a), we show the conditional variances as a function of the parameter τσ for the momentumŷ depending on the outcomes of theσx measurement (solid/blue and dashed/orange for the + and − case, respectively). Conditional squeezing can be observed for the conditioning to +. In the bottom panel (b), we study the conditional variance of the Pauli matrix depending on the outcome y of the momentum measurement. The values µ (2) σ |y < 1 identify nonclassicality of the conditional qubit state for different dephasing levels σ.
Entanglement and beyond

Entanglement
In this subsection, we are going to study the nonclassical correlation of entanglement. Again, we will focus on our hybrid system consisting of one harmonic oscillator and one qubit and investigate the resulting hybrid entanglement. Let us point out that entanglement is always a nonclassical effect in our construction of compound systems. Even if the individual sets of classical states C (j) include all singlemode states, the set C (1,2) of jointly classical states solely includes product states.
A number of interesting relations between entanglement and other notions of nonclassicality have been studied. For example, the emission of nonclassical light from a localized source in many directions automatically implies multipartite entanglement [61] . Also, a certain amount of single-mode nonclassicality of a harmonic oscillator yields-after the light is split on a beam splitter-the same amount of entanglement [62] . A similar connection has been found for the notion of quantum coherence [51] that relates to our qubit system. Remarkably, a universal conversion approach of local nonclassicality to entanglement has been formulated in [63] .
For the detection of entanglement, we introduced the so-called separability eigenvalue equations [64, 65] , which read for a bipartite observableL aŝ
where (2) ). The minimal and maximal separability eigenvalues g determine the bounds for the expectation value ofL for separable states,
Whenever these bounds are violated, the state is entangled. Also note that we have shown that for any entangled state exists such an observableL which can detect its entanglement. This approach of separability eigenvalue equations to construct entanglement tests has been used to study the emission of entangled light from semiconductor structures [66, 67] , to formulate entanglement quasiprobabilities [68, 69] (see also [70] in this context), or to experimentally characterize highly multimode entanglement beyond the capabilities of earlier approaches [71, 23] .
To detect entanglement in the system under study, let us consider the observablê
which addresses the interference terms between the two modes. The solution of the second equation (25b) can be directly formulated,
With this, the first equation (25a) readŝ
Using a proper rescaling allows us to get the solution from this equation by solving the simplified problem
together with the ansatz |a (1) = N [|α 0 + s|−α 0 ]. Equating coefficients and inserting the resulting two equations into each other to eliminate γ yields Im(s) = 0 and |s| 2 = 1. Thus, we get
where ± means that this sign is independent from the one in equation (28). This also determines the parameters for the solution of |a (2) in equation (28) and the separability eigenvalues
From the maximum and minimum of the separability eigenvalue equations, we find with (26) that for all separable states holds
For our considered state in equation (9), we get the expectation value L = τ σ = e −σ 2 /2 . This means that we can detect entanglement for any
In Fig. 4 , the resulting detection of entanglement is shown for our hybrid system. The entanglement condition (31) applied to the hybrid statesˆ 0 ,ˆ √ 0.5 , andˆ √ 2 is shown as a function of the coherent amplitude α 0 . The maximal expectation value for separable state (solid, blue line labeled as g) is violated for no dephasing (dotted, green curve) and for α 0 > 0.54 in case of the moderate dephasing (dot-dashed, orange curve). In case of higher phase noise (dashed, violet curve), no entanglement can be detected with the observableL under study.
Multimode generalizations
A generalization of our approach to multimode systems is straightforward. For the N -partite scenario, we consider the sets C (j) of pure classical states for j = 1, . . . , N . The compound set of classical states is consequently defined as
Especially, all states in C (1,...,N ) are fully separable. Using the convex hull of multipartite classical pure states as it was done in the bipartite case, we can extend the notion of classically correlated, multipartite states to mixed ones. Thus, we also constructed a concept of multipartite quantum correlations from the N local definitions of classical states C (j) . As two examples, let us mention two tripartite quantum correlated states. They are |φ = N (|a
and |ψ = N (|a
with linearly independent |a (j) r ∈ C (j) for j = 1, 2, 3 and r = 1, 2. The state |φ corresponds to a GHZ state and |ψ resembles a W state which represent inequivalent classes of full entanglement [24] . In addition, a partially entangled (or partially separable) state is |χ = |â
As done for the bipartite case, we could now characterize the quantum correlations in more detail for such states, which would also require to specify the sets C (j) . Moreover, the quantification of the resulting nonclassical correlations can be performed as introduced in general in [48] . There, the importance of quantum superpositions for constructing universal quantumness measures was also highlighted.
Towards temporal correlations
Much more sophisticated is a generalization to include multitime correlations. For example, already the construction of multitime density operators is a complex problem [72] . Moreover, the question of temporal correlations can be closely related to a time evolution that has no counterpart in classical physics [73, 74] . For mixed states this would mean that a description of a multitime system in terms of a stochastic process cannot be done. In a simplified manner, one could argue that the assumption of locality (or of local-hidden-variables) in the EinsteinPodolski-Rosen paradox [2] is replaced with the assumption of (classical) causality.
As mentioned above, the time evolution of the system plays an important role for defining nonclassical temporal correlations. In particular, time-dependent Hamilton operators require a so-called time-ordering when formulating the solution of the equations of motion (e.g. Schrödinger or Heisenberg equation). This is needed to define a proper unitary time evolution operator and it can have a major influence on the evolution of a system [75, 76, 77] .
A concept of quantumness for which the multitime generalization has been successfully done is the harmonic oscillator system [78] . In this a system, the space-time dependent quantum correlations can be uncovered based on a P functional, which generalizes the Glauber-Sudarshan function by including timeordering effects. One example of its application is the interpretation of the prominent photon antibunching experiment [79] . That is, the inability to interpret the P functional, which describes the emission of photons, in terms of classical stochastic process. Recently, we have been also able to formulate a regularization approach to filter the P functional [80] .
In the future, it would be important to generalize the approach for temporal quantum correlations in harmonic oscillator systems to other systems and notions of nonclassicality. From such a technique, our method to construct multipartite quantum correlations from local ones could be generalized by including time-ordering effects to define multitime quantum correlations. Eventually, this could also result in a definition of temporal entanglement as the emerging quantum correlation that exists for any individual notion of nonclassicality. However, this requires further research.
Summary and conclusions
In this work, we analyzed quantum correlations in composite quantum systems. Especially, a bipartite state was defined and analytically characterized by combining one continuous-variable harmonic oscillator and one discrete-variable qubit subsystem. We could combine these seemingly incompatible concepts of nonclassicality of the individual parts and establish the concept of nonclassical correlations between the different degrees of freedom. This was achieved by requiring that a classically correlated system can be described in terms of uncorrelated, pure state and classical statistical mixing only.
Some examples of pure nonclassical states have been studied. We showed the distinct differences of local and global quantum superpositions. The local superposition of classical states resulted in the nonclassicality of the subsystems, whereas globally superimposed states introduced nonclassical correlations between the two parts.
A quantum state representation of the hybrid system under study was discussed and the classical states in this representation have been identified. This was based on a matrix quasiprobability distribution. We could distinguish between two classes of nonclassical states. Those are stares which can be written as pseudo-mixtures of classical ones and those which cannot be expanded in such a form at all. Moreover, a regularization approach was considered to resolve singularities within the matrix quasiprobability.
Restricting ourselves to specific observables, we analyzed nonclassical correlations in connection to the joint and conditional probability distributions of the measurement outcomes. It was demonstrated that joint and conditional variances of the same observable and the same state state can be sensitive to different forms of nonclassicality.
Let us emphasize that the conditional nonclassical correlations are connected to the remote manipulation of one subsystem by performing a measurement on the other.
Finally, we also addressed more general forms of nonclassical correlations. We argued that entanglement is a quantum correlation which has some form of universal character. In general, entanglement emerges as one kind of quantum correlations among others. Yet, the remarkable fact is that it always emerges, which highlights the general importance of entanglement. We also outlined the generalization of our techniques to multipartite systems that consists of an arbitrary number of degrees of freedom and the possibility to include temporal correlations.
